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Abstract 

We develop a new approach for bosonization based on the direct 
comparison of current correlation functions and apply it to the case 
of the Massive Thirring Model in three dimensions in the weak cou- 
pling regime, but with an arbitrary mass. Explicit bosonized forms 
for the lagrangian and the current are obtained in terms of a vector 
gauge field. Exact results for the corresponding expressions are also 
obtained in the case of a free massive fermion. Finally, a comment 
on the derivation of the current algebra directly from the bosonized 
expressions is included. 
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Bosonization in spacetime dimensions higher than two has attracted a lot of atten- 
tion in the past few years [|l], ^ ^ ||, |] . Even though a direct Mandelstam-hke operator 
bosonization has only been found in the case of the free massless Dirac fermion field 
in 2+ ID [|T|, bosonized expressions for the fermion lagrangian and the current have 
been obtained in different mass regimes of free theories P]. For interacting theories, 
on the other hand, only the large mass limit has been explored P, General 
bosonized expressions for the current and lagrangian in such interacting theories are 
still lacking for an arbitrary value of the fermion mass. Furthermore, a new question 
which arises in this framework and which has not been discussed in the literature is the 
issue of renormalizability of the fermionic theory when compared with its bosonized 
counterpart. This is a feature which is absent in 1+lD. 

In this work, we present the explicit bosonization of the Massive Thirring Model in 
three dimensions (MTM) in the weak coupling regime, but for arbitrary mass. Con- 
trary to previous approaches, we develop a new method of bosonization that is based 
on the direct comparison of current correlation functions. We derive explicit bosonized 
forms for the current and lagrangian for arbitrary values of the fermion mass. It is 
shown that the MTM for weak coupling but with arbitrary mass is mapped into a 
generalized free gauge theory. This suggests that at least in this regime we can make 
sense out of the MTM in spite of the fact that it is perturbatively nonrenormalizable. 
Interestingly, the bosonized version of the MTM turns out to be nonlocal for all val- 
ues of the fermion mass m, except m oo. We also define a dual current which has 
identical correlation functions as the usual current. 

We finally consider the case of a free fermion with an arbitrary mass as a limiting 
situation of the MTM when the coupling constant vanishes. In this case, we get 
exact results for the bosonized lagrangian and current. In the zero mass limit these 
expressions reduce to the ones obtained in [Q. In the m ^ oo regime, we derive 
current algebra relations directly from the bosonic expressions and find a divergent 
Schwinger term clS cl result of the infinite mass scale. 

Let us consider the euclidean generating functional of the MTM in three dimen- 
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sions, 



Z[J] = J Di/jDipexp \- J dh 



A 
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where j'^ = ip-y'^i/j and the metric of is followed. Eliminating the four fermion 
interaction in the standard way by the introduction of an auxiliary vector field we get 



Z[J] = J DijDi/jDA^expi^- J dh 



(2) 

Performing the fermion integration in the weak coupling limit, only the two- legs one- 
loop graph contributes to the relevant vacuum polarization tensor and we get 



Z\J\ = J DA^exp |- 1 d^zi^^iA^ + J^)n^,(A, + J,) + \a^A^^ 



(3) 



where an explicit computation either on the lattice or in the continuum yields 0, ^ 
in the momentum space 

n,,{q) = A{q^)C,M) + B{q^)P,M (4) 

where C^u{q) = e^u^qa and Pf,u{q) = q^6^u - q^lqu, while 

A{q^) = ao + dt{l - m[m^ + t(l - t)qX^/^} (5) 

47r Jo 

and 

B{q^) = ^ t dtt{l-t)[m^ + t{l-t)q^Y^'^ (6) 

ZTT JO 

In (H) ao is a finite coefficient depending on the specific regularization P, ^. Subse- 
quent computations are greatly simplified by using the following algebraic identities 
among C^^ and P^.^ 

CfxaCau Pfiu ) PfiaPau Q Pfiu i C ^aPdu PfiaCau q C (7) 

Now we can perform the quadratic functional integral over A^, obtaining 



Z[J] = exp |- j d'z^ {j^U^uJu - X^JxTlxf.T^,Up,Jp}^ 



(8) 



where T^i, = [6^u + A^II^i,]^^ = 6^1, + O(A^). Since we are working up to the second 
order in A, therefore, we can just retain the S^i, piece in (||). 

It is now straightforward to evaluate the current two-point function by taking 
functional derivatives of with respect to the sources 

< jMU~q) >= n^.(g) - X^Il^a{q)'nau{q) (9) 

Based on this observation, we can infer the form of the bosonized lagrangean of 
the MTM in this limit 

^MTM = -Bfj, (ji^iv — X^^fia^auj B^, (10) 

lYiom. the transversality of the kernel, we can infer that this is a gauge theory. It is 
nonlocal for any value of the fermion mass except for m — oo as can be explicitly 
checked from expressions (^ and (^). Generalized free gauge theories of this type, 
inspite of being nonlocal, have been studied in the literature and shown to yield 
sensible results [§], |, 0] • The above mapping of the MTM is one of the central results 
of our work. 

We are now in a position to write the current bosonization formula. This is given 

by 

= (n^, - A^n^^n^,) (ii) 

IFtoiu. this bosonized expression, we can reproduce the current two point function 
given by (|^). In order to obtain this result we need the two-point correlation funtion 
of the S^-field which is given by the inverse of the operator appearing in the quadratic 



lagrangean ([ToD . Of course, in order to invert such an operator, a gauge fixing term 
has to be added. We also take advantage of the tranversality of II^i,, in order to add 
the same longitudinal gauge piece to the second II^i^ in the A-dependent term of (p!0D . 
The result is 

< B^{q)B,{-q) >= [U^a{q) {Sau - A' (n,,(g) + ^B{q^)q^q,)) + ^B{q^)q^q,]~^ 

= D,^{q) + X'^^ + 0{X') (12) 

where 
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^ 'B{q^)P,.-A{q^)Cj+]:-^^ (13) 



g2[A2(g2) + ^2^2(^2)] L ^ V. /^A^-j ^q^B{q^) 

Now, using (in]), we have 



< j^{q)ju{-q) >= (n^a - A'n^^n^„) (q) (n,, - A^n.^^n,,) (-g) < B^{q)Bp{-q) > 

(14) 

Inserting expression ([T2|) for the S^-field correlator we precisely reproduce equation 
(§) for the current correlation function. It is also easy to see that all the higher 



correlation functions are reproduced by the bosonic expression ([TT|). Observe that, in 
particular, the odd functions vanish because the odd S^-correlators are zero in the 
S^-theory. This confirms the validity of the current bosonization formula (|1T]) and 
shows why in this limit the MTM is mapped into a generalized free theory (|TU]). 
It is interesting to note that a dual current can be defined as 

JM) = -C^,a{q)ja{q) (15) 

q 

We can easily verify from the bosonic expression (0) that the dual current correlation 
functions are identical to those of j^. This generalizes a similar duality relation found 
in the large mass limit 

We can now address the exact bosonization of the free massive fermionic theory. 
This can be obtained in the limit when the Thirring coupling A vanishes. From ([l0| ) 
and (|l^) we immediately obtain the bosonization formulae for the lagrangian and 
current, namely 

tpi-i 4 + m)il)\free = -B^U^^B^ (16) 

;'/.(?) I free = n^i.^!. (17) 

In the zero mass limit, the above expressions reduce precisely to the ones found by 
following a direct operator bosonization of the free massless fermion field [|l|. This 
clearly shows that the operator realization obtained in |jl[] is exact and no nonquadratic 
corrections are necessary. 
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It is very important to emphasize that these exact bosonization formulae are 
strictly valid only in the free case. In the presence of an interaction, both expres- 



sions are modified. While the current is given by (11), the kinetic fermion lagrangian 
for the MTM, for instance, can be computed easily from (|TD|) and (|TTp giving the 
result 

V'(-i ^+m)ij\uTM = ij{-i ^+m)?/^|fi.ee- YS<^(g)(n^AnA^(g)+n^AnA;,(-g))-B^(-g) 

(18) 

This relation clearly shows the modification of the bosonization formula for the kinetic 
fermion lagrangian which is produced when we add the Thirring interaction to the 
free massive lagrangian. Self- consistency is preserved as can be inferred by setting 
A = in the above formula. The fact that the bosonization formulae are changed in 
the presence of an interaction is a general feature of dimensions higher than two 
Incidentally, the bosonization formula ([16D for the free massive fermion lagrangian 
only was given earlier in 

Note that the bosonization method presented here is an alternative to the usual 
path integral approaches followed in [0, ^, |, |[. This is particularly well illustrated 
in the bosonization of the current. Here it is given by (p!TD whereas in the path 
integral approaches, discussed in the large m limit [0, |^, it has a purely topological 
structure. In a further publication [^, we shall prove the equivalence of these different 
approaches. 

Let us turn now to current algebra relations. For this it is enough to consider the 
free case. As shown before, there are two distinct regimes: a nonlocal theory for any 
finite mass but a local one for m oo. These two cases must be considered distinctly. 
Let us first examine the large mass limit in which the theory given by (PUf ) reduces 
to the Maxwell-Chern-Simons lagrangian 

1 1 

C-MTM = —-(^O^auaBnd^Ba + — B^^yBnu (19) 

where B^^ = d^By — d^B^. The bosonized current in this limit is obtained from ([TT]), 
namely 

3^l = aoe^avdyBa (20) 



Now, the only nontrivial commutator can be explicitly evaluated. It just requires the 
canonical commutator algebra between the electric and magnetic fields in Maxwell- 
Chern-Simons theory We find, in Minkowski space, 

[j\x,t),j\y,t)] = 12n m 4 d'5\x-y) (21) 

which produces, in the m — oo limit, the well known divergent Schwinger term. 



obtained by point splitting or BJL approaches in the fermionic version ||TT|. It is 
interesting to see that the mass parameter plays a role analogous to the inverse point 
splitting regulator in this limit. To discuss the current algebra for a finite mass, a 
complete canonical analysis of the nonlocal bosonized lagrangian is required, which 
is beyond the scope of the present paper. However, since the Schwinger term in the 
current algebra should be independent of the mass, it expected that the nonlocality 
of the bosonized current and lagrangian is probably responsible for yielding this term. 
This will be explored in a future work. 

We conclude by stressing the practical nature of this new approach to bosoniza- 
tion in higher dimensions, which is just based on the comparison of current correlation 
functions. Using these ideas the bosonization of the MTM was performed in the weak 
coupling regime. Explicit expressions for the lagrangian and current were derived 
for an arbitrary mass. This was also exploited to obtain the exact bosonization for- 
mulas for a free fermion for any value of the mass. Another important result which 
completely departs from the usual I+ID case is the demonstration that operator 
bosonization formulas in general depend on the theory in which these operators are 
embedded. In all cases the bosonized expressions were given solely in terms of the vac- 
uum polarization tensor 11^,^. This general structure suggests the possibility of using 
our technique in other higher dimensions. We report on this and related aspects in a 
future work [jlOl. Finally, let us remark that the finiteness of the vacuum polarization 
tensor II^i, allows us to conclude that at least in the small coupling regime one can 
make sense out of the MTM which is otherwise nonrenormalizable. 



7 



Acknowledgements 

Both authors were partially supported by CNPq-Brazilian National Research Coun- 
cil. RB is very grateful to the Instituto de Fi'sica-UFRJ for the kind hospitality. 

References 

[1] E.C.Marino, Phys. Lett. B263 (1991) 63 
[2] R.Banerjee, Phys. Lett. B358 (1995) 297 
[3] R.Banerjee, Nucl. Phys. B465 (1996) 157 

[4] E.Fradkin and F.Schaposnik Phys. Lett. B338 (1994); C.Burgees, 
C.Liitken and F.Quevedo, Phys. Lett. B336 (1994) 18; P.A.Marchetti, 

"Bosonization and Duality in Condensed Matter Systems", |hep 



th/951110CI| (1995); K.Ikegami, K.Kondo and A.Nakamura, Progr. Th. 



Phys. 95 (1996) 203 

[5] D.Barci, C.D.Fosco and L.E.Oxman Phys. Lett. B375 (1996) 267 

[6] A.Coste and M.Liischer, Nucl. Phys. B323 (1989) 631 

[7] S.Deser, R.Jackiw, S.Templeton, Ann. Phys. 140 (1982) 372 

[8] R.L.RG. Amaral and E.C. Marino, J. Phys A25 (1992) 5183; D. Barci 
and L.E. Oxman, Int. J. Mod. Phys. All (1996) 2111 



[9] R.Banerjee and E.C.Marino, Phys. Rev. D (1997), in press, Piep- 
th/9607040| 



[10] R.Banerjee and E.C.Marino, Different Approaches for Bosonization in 
Higher Dimensions, to appear 

[11] S.Adler, in Lectures in Elementary Particles and Quantum Field Theory, 
S.Deser et al. eds., 1970 Brandeis Lectures, MIT Press, Cambridge, 1970. 



8 



